This paper applies an efficient adaptive feedforward compensation (AFC) algorithm for periodic disturbance cancellation on a hard disk drive (HDD) servo system. Such an algorithm is shown to be equivalent to a linear time invariant (LTI) model. With the help of this equivalence, we can easily choose optimal phase advance parameters, precisely predict the upper bounds of the allowable adaptation gains and determine the appropriate coefficients of a feedthrough term. Additionally, in order to obtain higher servo bandwidth, a dual-stage actuated structure is put forward. This dual-stage actuator system consists of a Voice Coil Motor (VCM) as a primary actuator and a micro actuator as a secondary actuator. Such a configuration can further reject the disturbance and maximize the servo system performance. The simulation results in time domain and frequency domain show that this scheme is capable of achieving a satisfactory performance in dealing with disturbances.
rejection of disturbances, obviously, conventional feedback controllers are inadequate for this task [4] .
Many techniques for the compensation of disturbances have been suggested by many researchers [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Among them, the repetitive controller and Adaptive Feedforward Compensation (AFC) schemes are popular in the disk drive industry [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . However, the main problem of the repetitive controller is that it requires a rather accurate identification of the servo system, and at present few methods are available to provide robustness in implementation.
Aimed at the limitations of the repetitive control method, an AFC technique is proposed as a good candidate scheme. The main components of disturbances can be decomposed into a sum of harmonics of the spindle motor revolution, which can be easily or effectively attenuated via the AFC method.
The remainder of this paper is organized as follows: In Sectton 2, an Adapttve Feedforward Compensation algorithm for periodic disturbances attenuation in HDD is introduced, In Section 3, an equivalent model of the AFC scheme is presented so as to quantitatively determine the optimal phase advance parameters, allowable adaptation gains and appropriate coefficients of a feedthrough term. A guideline for determining these optimal parameters of the AFC compensator is deduced in Section 4. In Section 5, the simulation results and analysis are shown, and concluding remarks are summarized in Section 6.
ADAPTIVE FEEDFORWARD COMPENSATION ALGORITHM
To begin with, it is assumed that the periodic disturbance signal consists of a sum of n sinusoids, which has the following form (1) Where a i (k), b i (k) are the Fourier coefficients at the periodic disturbance frequencies ω i , the subscript i refers to the ith harmonic of the disturbance, T s is the sampling period.
It was shown in [5] that the disturbance can be effectively attenuated by adding a cancelling signal u CM (k), which is described by (2) Where â i (k), b i (k) are adaptive adjustable parameters, η i are the adaptation gains, pes(k) is Position Error Signal (PES) and µ i are the coefficients of a so-called feedthrough term which is used to improve control system performance.
The objective of adjusting â i (k), b i (k) is to minimise the performance function J [23] which is defined as
Where the symbol E denotes an expectation value. In this paper, negative gradient direction is acted as the orientation of parametric adjustment. So the discrete-time adaptation rules to adjust the paramters â i (k) and b i (k) consist of the following update laws [3] (4)
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Where Φ i are the phase advance parameters which need to be selected by the designer. Interested readers are referred to our earlier work [3] for the derivation of the above update laws.
EQUIVALENT MODEL OF THE AFC ALGORITHM
Clearly, it is very important to identify the optimal phase advance parameters and the boundaries of allowable adaptation gains in the AFC algorithm. The use of Φ i can improve phase margin of control system to ensure robustness. For η i , if the gains are too small, system convergence becomes too slow, it is undesirable for an HDD servo system which needs rapid positioning. On the other hand, it may result in control system instability if the gain values are too large. It is evident that the above AFC algorithm is a time-variant system in which it is hard to find the appropriate phase advance parameters and the allowable gain range. Fortunately, the AFC algorithm can be equivalently converted into a Linear Time Invariant (LTI) representation, which can be easily used to choose suitable phase advance parameters Φ i , precisely predict the upper bound on the adaptation gains η i and at the same time determine the appropriate coefficients of the feedthrough term µ i using either nyquist diagram or root locus [5] .
In what follows, we will demonstrate the equivalence between the AFC algorithm and the corresponding LTI model using the z-transform theorem and its property. It is worth pointing out that our demonstration is based on a discrete-time domain, which means that the proposed AFC algorithm can be directly implemented in a computer. The detailed demonstrated procedure can be shown as follows.
According to Euler's equation, the following expressions can be easily obtained (5) Let Z(pes(k)) = PES(z), where Z(·) represents the z-transform. The above equation can be z-transformed as
Similarly, Eq. (2) can be z-transformed as
From Eq. (4), the following equation can be acquired
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In the same way, Eq. (8) can be z-transformed as (9) The above results can be used in Eq. (7) , so U CM (z) can be expressed by (10) In the end, the equivalent model [5] can be written as (11) This equivalence will be used to precisely predict the stability properties of the adaptive algorithm.
PARAMETERS SELECTION OF THE AFC COMPENSATOR
According to the equivalent model in Eq. (11), there are three types of parameters, namely, phase advance parameters Φ i , adaptation gains η i , and feedthrough coefficients µ i , which need to be selected by the designer. However, it is difficult to select these parameters so as to maximise the system performance. Next, from a theoretical point of view, we will summarise a guideline, which helps to determine these optimal parameters.
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Structure of a dual HDD servo system with AFC compensator
In this paper, for analytical convenience, a discrete dual-stage magnetic head positioning system structure diagram along with AFC compensator, as shown in Fig. 1 , is given.
Figure 1
Block diagram of discrete dual-stage magnetic head positioning system along with AFC compensator
Where G v (z) and G M (z) represent VCM actuator and micro-actuator models, respectively. C v (z) and CM(z) are their corresponding nominal cntrollers. It is desirable to note that the model Ĝ M (z) is the estimate of the micro-actuator G M (z) which is used to decouple the VCM path and micro-actuator path, and further, to simplify the design procedure of this servo system. C RM (z) and C RV (z), shown in the dashed line block, are the AFC compensators which are designed to attenuate the disturbances d M (k) and d v (k), respectively. These two disturbances exist in the micro-actuator path and VCM path, respectively.
The following section helps to analyze and design AFC compensator of the micro-actuator path, the conclusions are also suitable for the VCM path.
For the track-following mode, r = 0, therefore, from the above schematic disgram, the following expression can be obtained (12) For simplicity, provided that the micro-actuator G M (z) is exactly equal to its estimator Ĝ M (z), then the above representation can be simplified as
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Figure 2
Structural diagram of simplified micro-actuator path
The above figure can be used to design the AFC compensator for micro-actuator path, in other words, this figure can precisely determine Φ i , η i and µ i , only if C M (z) and G M (z) are known.
In the same way, the VCM path can also be represented as the following negative feedback control system.
Figure 3
Block diagram of the VCM path
Similarly, the three types of parameters Φ i , η i and µ i , can be precisely estimated through Fig. 3 , only if C V (z) and G V (z) are known.
Next, using the micro-actuator path as an example, some methods for choosing these parameters will be summarised.
Choosing phase advance parameters Φ i
Let
, then from Fig. 2 , the open loop transfer function of the above system is C RM (z) · P(z), and clearly, the stability margin of this system is mainly decided by C RM (z) when the equivalent plant P(z) is given. It is well known that phase Φ i largely affects the phase margin, which makes the selection of Φ i very important.
The following analysis helps to select phase Φ i to maximise the phase margin of this system.
First of all, the feedthrough parameters µ i are set to zero when deciding how to choose the desired phase Φ i and determine the parameters η i which will be discussed in the next subsection.
In order to acquire the optimal phase angle Φ i , it is necessary to calculate the phase of the AFC compensator C RM (z) at the disturbance frequency ω i .
The numerator of C RM (z) at z = e jω i Ts can be transformed as
Hence,
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similar to the continuous-time case [4] . It is also easy to know that the denominator of C RM (z) is equal to zero and has discontinuous points at z = e ±jω i Ts , so in order to get the phase of the denominator at z = e jω i Ts , we need to calculate the left and right limits at this discontinuous point.
Obviously, .
Therefore, the phase of the denominator which is defined as the average phase angle of the discontinuous point at ω = ω i can be easily calculated (16) As a consequence, the phase of the AFC compensator at the disturbance frequency ω i can be calculated as follows (17) According to the mathematical analysis, the following remarks are in order. 1: At the disturbance frequency ω i , the magnitude properties of the AFC loop have a resonant peak, and in the same way, the response phase has a discontinuous point at this frequency and has π radians drop. 2: At all disturbance frequencies, the phases of the AFC loop are always centred on -Φ i , which are irrelevant to ω i . 3: Combining remarks 1 and 2, it is easy to see the phase changes from π/2 -Φ i to -π/2 -Φ i as frequency ω increases from ω i -0 to ω i + 0. The above remarks can be verified through Fig. 4 . In our control system, the rotational speed of the spindle motor is set to be 5400 rpm, so the fundamental compensation of the AFC is chosen to be 90 Hz. Furthermore, Φ i (i = 6 ~ 9) are set to be 0°,45°,90°,135°, respectively, so according to Fig. 4 , the centres of the phase discontinuity at from 6th to 9th harmonic frequencies are exactly 0,-45,-90,-135 degrees which are equal to -Φ i , respectively.
Selecting the phase advance parameters Φ i to be equal to the equivalent plant phase shift can maximise the phase margin of the AFC compensated system. The reason for this is that when Φ i is set to be ∠P (e jω i T s ), the system is a Strictly Positive Real (SPR) system [5] at those compensation frequencies, which makes the open loop transfer function zero phase, at the same time there still exists a phase discontinuity and π radians drop such that the phase margin and gain margin of micro-actuator loop theoretically are 90 degrees and infinite respectively.
In addition to increasing the robust stability of the compensated system when choosing the desired phase Φ i , there is another purpose, namely, there are more stability margins which can make the adaptation gains η i larger so as to improve the convergence speed and reduce the steady-state error. AFC diagram for the 6th to 9th harmonics compensation
Upper bound of the adaptation gains
It is well known that selection of adaptation gains largely affect the convergence speed and steady-state precision, so we should maximise the gains η i within the limits of stability.
In this discrete-time system, the equivalent LTI representation can be used to precisely predict the upper bound of the adaptation gains.
For the single harmonic, based on the equivalent plant P(z) and the resulting LTI model C RM (z), we put forward the following two methods to determine the maximum value of the adaptation gain. From Fig. 2 , the closed-loop characteristic equation can be obtained, and then this characteristic equation is transformed into the v-domain using the following bilinear transformation (18) Then we can use Routh criterion to calculate the stability boundary of the adaptive system just as in the continuous-time case.
The method of bilinear transformation
Additionally, let the complex variable v = jw, here w is a virtual fequency, then we can get a new transfer function.
According to this transfer function, we can plot the virtual frequency characteristic, and use the nyquist criterion to obtain what adaptation gains can make the system stable.
The method of the nyquist criterion
The nyquist criterion [5, 9] can be very useful for determining the upper limit of the adaptation gains.
When the open loop transfer function, described as P(z)C RM (z), has no unstable poles, in other words, has no poles outside the unit circle, then in order to ensure the closed loop system is stable, the point (-1,j0 ) should not be encircled by the nyquist plot of the system. Hence, under the circumstances of critical stability, the following condition should be satisfied (19) The above expression can be equivalently transformed as (20) According to the above equation, the adaptation gain η i and phase Φ i can be parameterized as follows (21) Where ω i is the ith disturbance frequency, Re [P(e jωTs )], Im [P(e jωTs )] are the real and imaginary parts of P(e jωTs ).
Dual-Stage HDD Disturbance Cancellation Based on an Efficient Adaptive Feedforward Compensation Algorithm
Based on Φ i and η i , the stability boundaries can be obtained. When Φ i is still set at ∠P (e jωTs ) so as to maximize the system phase margin, then the upper bound of the adaptation gain η i , namely, (η i ) max can be calculated accordmg to Eq. (21) .
For multiple harmonics, in order to ensure the whole closed loop system be stable, the gain (η i ) max needs to be appropriately reduced, wbich is used to leave some stability margin for other harmonic compensators [12] .
By using these gains, it is obvious that the convergence speed of the AFC algorithm can be substantially improved.
Determining the coefficients of the feedthrough term
In order to further improve the performance of the servo system, the third term in Eq. (2), namely, the so-called feedthrough term, is added to the compensation signal. The main purpose of this term is to adjust the locations of two zeros by designing µ i so as to change the root locus of the open loop system and make this trajectory largely locate in the unit circle, and hence, contributing to achieving larger adaptation gains and obtaining more gain margin so as to increase the convergence rate and improve the robustness. This procedure can be done by trial and error through root locus analysis. Fig. 1 shows the block diagram of dual-stage HDD positioning system along with disturbance compensation.
SIMULATION RESULTS AND ANALYSIS
As mentioned earlier, the disturbance signal is periodic and its fundamental frequency is equal to the rotation frequency of spindle motor which is 90 Hz in our simulation system. Fig. 5 shows the combined disturbance signal in the time domain, and its corresponding frequency domain signal is shown in Fig. 6 . It can be easily seen from this figure that the disturbances occur at integral multiples of the fundamental rotating frequency (i.e., 90, 180, 270, 360, 450, 540, 630,..., 900 Hz).
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Hongbo Zhang, Xinhan Huang, Gang Peng and Min Wang Figure 5 The combined disturbances in the time domain The spectrum of disturbances It is not easy to give a precise VCM and micro-actuator model because their dynamic properties are very complicated. According to current literature, a simplified VCM model can be approximately a double integrator together with some resonance modes [24] . Therefore, the discrete VCM actuator plant can be modelled as follows (22) As for the micro-actuator plant, its model is approximately a constant gain system in the low frequency range and has abundant resonant modes in the high frequency range [25] . Thus, the micro-actuator plant can be discretised as follows (23) 
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Aimed at the characteristics of the dual-stage plants, their nominal feedback controllers can be easily designed, which are shown as follows (24) 
Where the VCM controller C V (z) is a notch filter so as to attenuate the VCM resonance around 3.75 kHz; the micro-actuator controller C M (z) includes two notch filters and a double integrator in series with a lead compensator, the two notch filters are used to cancel the micro-actuator resonances, however, the introduction of the notch filters will cause system phase loss, which decreases stability of the servo system. As such, the lead compensator is used to improve the phase margin to guarantee the robustness of the servo system and the double integrator helps to minimise the steady-state error.
Both controllers used here are to stabilise the control system, and at the same time, improve its bandwidth.
Furthermore, the expression of the displacement estimator Ĝ M (z) can be easily obtained based on the characteristics of the micro-actuator model which have been mentioned earlier. Thus, this estimator can be given by (26) Considering the mechanical characteristics of the VCM actuator and the microactuator, i.e., the VCM actuator plays a dominant role in the low frequency range and has abundant resonant modes at high frequencies [8] , whereas the microactuator due to its high bandwidth helps to reject those high frequency disturbances, thus, the first five harmonics will be cancelled by C RV (z) which is located in the VCM path, whereas the next five harmonics will be compensated by C RM (z).
Having acquired the transfer function of the micro-actuator and its designed controller, we can obtain the equivalent plant transfer function P(z), and hence, can estimate the phase advance angles Φ i at ω i (i = 6 ~ 10). For our system, Φ i (i=6 ~ 10) are all set to π radians. At the same time, the upper bound of adaptation gains η i can be easily calculated through the nyquist criterion. Aimed at our control system, these gains, within the limits of the stability can be selected as η 6 = 0.0025, η 7 = 0.002, η 8 = η 9 = η 10 = 0.001. Of course, the coefficients of the feedthrough term can be given by µ 6 = 100, µ 7 = 30, µ 8 = 20, µ 9 = 15, µ 10 = 5. Similarly, the parameters of C RV (z) can be determined by the above method. Here, the results are directly given, Φ i (l = l 5) are 3.13, 3.11, 3.09, 3.07, 3.05 radians, respectively; the adaptation gains can be chosen by η 1 = 0.001, η 2 = 0.0008, η 3 = η 4 = 0.0002, η 5 = 0.00012 and µ 1 (l = l ~ 5) can be selected as 120, 50, 30, 10, 1, respectively.
Having finished the control system design, we now start to simulate the dualstage HDD head positioning servo system. Next, the simulation results of the proposed AFC compensator on the PES spectrum are investigated. Fig. 7 shows the spectrum of the uncompensated PES. Fig. 8 shows the PES spectrum after compensating. Compared with Fig. 7 , it can be easily seen that, by applying the AFC compensator, the contribution of the disturbance harmonics or components on PES is nearly eliminated. The PES spectrum without AFC compensation
Figure 8
The PES spectrum with AFC compensation
In addition, to evaluate the effects of the AFC compensator statistically, we sampled the last 18,000 data points about PES before the simulation was stopped and plotted them as the histogram. Fig 9 and Fig 10 show the error distribution without and with AFC compensation, respectively.
Figure 9
The histogram of PES without AFC compensation
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FIgure 10
The histogram of PES with AFC compensation
It can be seen from the above two figures, without AFC compensation, the control errors are dispersive between -4.0µm and 2.8µm, whereas this dispersion is remarkably reduced and control errors are nearly zero when applying AFC compensation.
The above simulation results show that the AFC compensator is an effective control technique for periodic disturbance cancellation and can substantially improve the whole servo system performance.
CONCLUSION
In an HDD servo, for storage capacity enhancement, this paper applies a dual-stage actuator structure to improve the servo bandwidth and an AFC compensator to reject periodic disturbances. As for for the AFC compensator design, the contribution of this paper is that the equivlance between the AFC compensator and the corresponding LTI model is deduced in detail, and further how to use this equivalent model to quantitatively determine the optimal phase advance parameters, the upper bounds of the allowable adaptation gains and the appropriate coefficients of a feedthrough term so as to maximise the servo system performance. Using the AFC compensator presented in this paper, each harmonic component of the PES is nearly eliminated, and the output of the control system is nearly zero which is equal to the given input in the tracking following mode. However, without the AFC compensator, the system error oscillates between -4.0µm and 2.8µm, and thus makes the dual-stage HDD head positioning system unstable.
All simulation results show that the proposed AFC compensator is effective in attenuating the disturbances and is helpful for obtaining a better servo performance.
At last, it is desirable to point out that the AFC technique is also suitable for the disturbance attenuation of other rotating machinery such as optical disk drives, electric motors, turning mechanical components, and so on. This makes the proposed compensator widely suitable for vibration and disturbance cancellation.
